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RELATIONS BETWEEN THE KA¨HLER CONE AND THE
BALANCED CONE OF A KA¨HLER MANIFOLD
JIXIANG FU AND JIAN XIAO
Abstract. In this paper, we consider a natural map from the Ka¨hler
cone of a compact Ka¨hler manifold to its balanced cone. We study its
injectivity and surjectivity. We also give an analytic characterization
theorem on a nef class being Ka¨hler.
1. Introduction
On a complex n-dimensional manifold, a balanced metric is a Hermitian
metric such that its associated fundamental form ω satisfies d(ωn−1) = 0.
Throughout this paper such an ω is called a balanced metric directly. It is
easy to see that the existence of a balanced metric ω is equivalent to the
existence of a d-closed strictly positive (n−1, n−1)-form Ω with the relation
Ω = ωn−1 (see [21]). Hence, for convenience, each such Ω will also be called
a balanced metric.
Assume that X is a compact complex manifold. The (real) (p, p)-th Bott-
Chern cohomology group of X is defined as
Hp,pBC(X,R) = {real d-closed (p, p)-forms}/i∂∂¯{real (p− 1, p − 1)-forms},
which can also be defined by currents. Its elements will be denoted by [·]bc.
It is easy to see that the cohomology classes of all real (n− 1, n − 1)-forms
which are balanced metrics form an open convex cone in Hn−1,n−1BC (X,R).
We denote it by
B = {[Ω]bc ∈ H
n−1,n−1
BC (X,R) | Ω is a balanced metric}.
It is called the balanced cone of X. Note that the zero cohomology class may
be in B. For example, Fu-Li-Yau [12] constructed a balanced metric ω on the
connected sum Y of k(≥ 2) copies of S3×S3. Since H2,2BC
(
Y,R
)
= 0, [ω2]bc =
0 ∈ B. Clearly, if the zero class belongs to B, then B = Hn−1,n−1BC (X,R).
However, if X is a compact Ka¨hler manifold, then the zero class is never in
B.
Now we assume that X is a compact Ka¨hler manifold. In this case, by the
∂∂¯-lemma, it is well known that Hp,pBC(X,R) is the same as the cohomology
group Hp,pdR (X,R), the set of de Rham classes represented by a real d-closed
(p, p)-form, see [28]. The Ka¨hler cone K of X is defined to be
K = {[ω] ∈ H1,1dR (X,R) | ω is a Ka¨hler metric},
1
2 JIXIANG FU AND JIAN XIAO
which is an open convex cone in H1,1dR (X,R). It was studied thoroughly by
Demailly and Paun in [11]. Since on a Ka¨hler surface, the balanced cone and
the Ka¨hler cone coincide by their definitions, we will always assume n ≥ 3
in the rest of the paper.
The balanced cone B of a compact Ka¨hler manifold is related to its mov-
able cone M (cf. [7] for its definition). The first named author learned this
notion from Professor Demailly, who mentioned Toma’s paper [25]. Toma
observed that every movable curve on a projective manifold can be repre-
sented by a balanced metric under the assumption E∨ =M. This assump-
tion is Conjecture 2.3 in [7]. In fact, the result in [25] holds for all movable
classes on any compact Ka¨hler manifold. And along the lines of [25], one
can obtain the equivalence of B and M under the assumption E∨ =M (see
the appendix).
In this note, motivated by papers [13, 14], we consider the map
b : K → B
which maps [ω] to [ωn−1]. It is clearly well-defined and can be extended to
the map
b : K → B,
where K and B are the closures of the corresponding cones. We want to
study the properties of b and b. We will first prove that b embeds K into
B.
Proposition 1.1. Let X be a compact Ka¨hler manifold. Then the map b
is injective.
The proof of the above proposition contains two key ingredients. The
first one is Yau’s celebrated theorem on complex Monge-Ampe`re equations
over compact Ka¨hler manifolds, and the second one is the Arithmetric
Mean-Geometric Mean (AM-GM) inequality. Replacing Yau’s theorem by
Boucksom-Eyssidieux-Guedj-Zeriahi’s theorem [6] on complex Monge-Ampe`re
equations in big cohomology classes, we can generalize the above proposition
on the map b to the map b. Here we recall that in the Ka¨hler case a coho-
mology class [α] ∈ H1,1dR (X,R) is nef if [α] ∈ K, and [α] is big if [α] contains
a Ka¨hler current. For compact Ka¨hler manifolds, Demailly and Paun [11]
proved that a nef class [α] is big if and only if
∫
X
αn > 0. In order to gen-
eralize the above proposition, we also need a convexity inequality obtained
by Gromov [17] and Demailly [9], and use some techniques on currents.
Theorem 1.2. Let X be an n-dimensional compact Ka¨hler manifold. Then
the map b is injective when b is restricted to the subcone generated by all
the nef and big classes.
We remark that the condition “big” is necessary, otherwise, the complex
torus T n gives a counterexample. But it is not clear whether the condition
“nef” is necessary.
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In general b is not surjective. In fact, we will show that b(∂K) ∩ B need
not to be empty. Let
KNS = K ∩NSR,
where NSR is the real Neron-Severi group of X, i.e.,
NSR =
(
H1,1BC(X,R) ∩H
2(X,Z)free
)
⊗Z R.
Then, if X is a projective Calabi-Yau manifold (i.e. a projective manifold
with c1 = 0), we can characterize when a nef class [α] ∈ ∂KNS can be
mapped into B by b. In fact, inspired by the method in [25] and [24], we
can give some sufficient conditions when a d-closed nonnegative (n−1, n−1)-
form is a balanced class. Applying these criteria to Proposition 4.1 in [26],
we obtain
Theorem 1.3. Let X be a projective Calabi-Yau manifold. If [α] ∈ ∂K, then
b([α]) ∈ B implies that [α] is a big class. On the other hand, if [α] ∈ ∂KNS
is a big class, then b([α]) ∈ B if and only if the exceptional set Exc(F[α]) of
the contraction map F[α] induced by [α] is of codimension greater than one,
i.e., F[α] is a flipping contraction.
For general [α] ∈ NS(X)R, the map F[α] is described in [26]. In Section
3, we will give some details on it. After proof of the above theorem, then
some examples will be given to show that the balanced cone can be bigger
than the image of the Ka¨hler cone under the map b. We believe that it will
be very interesting if one can describe b(K)∩B clearly for a compact Ka¨hler
manifold.
In the last part we assume that X is an n-dimensional Ka¨hler manifold
with holomorphically trivial canonical bundle. (Hence, X is a Calabi-Yau
manifold.) We will give an analytic method to distinguish the Ka¨hler classes
and the nef but not Ka¨hler classes which are mapped into the balanced cone.
We fix a Calabi-Yau metric ω0 satisfying
∫
X
ωn0 = 1 and a non-vanishing
holomorphic n-form ζ such that ‖ ζ ‖ω0= 1. For any Ka¨hler class [ω], Yau’s
theorem states that there exists a unique Calabi-Yau metric ωCY ∈ [ω] such
that ‖ ζ ‖ωCY , the (pointwise) norm of ζ with respect to ωCY , is a constant.
Under the above assumption, this constant can be computed as follows:
‖ ζ ‖2ωCY =
‖ ζ ‖2ωCY
‖ ζ ‖2ω0
=
ωn0
ωnCY
=
1∫
X
ωnCY
=
1∫
X
ωn
.
We can also ask whether there exists a balanced metric ΩCY in a given
balanced class [Ω] ∈ B such that
(1.1) ‖ ζ ‖2ΩCY = c
is a constant. This is the motivation of papers [13, 14]. There may be
infinitely many solutions to equation (1.1) in a given balanced class. For
example, Wang, Wu and the first named author [13] proved that if X is
a complex n-torus, then for a given Ka¨hler metric ω and for any constant
c ≥ (
∫
Tn
ωn)−1, equation (1.1) has solutions in [ωn−1]. They also proved
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that for any Calabi-Yau manifold X and a given Ka¨hler metric ω on X, if
equation (1.1) has a solution in [ωn−1] for c ≤ (
∫
X
ωn)−1, then c = (
∫
X
ωn)−1
and this solution must be the Calabi-Yau metric. Here we can prove that if
α is a nef but not Ka¨hler class and [αn−1] ∈ B, then there exists no solution
in [αn−1] of the equation (1.1) for c ≤ (
∫
X
αn)−1.
Theorem 1.4. Let X be an n-dimensional Calabi-Yau manifold with a
Calabi-Yau metric ω0 and a non-vanishing holomorphic n-form ζ such that∫
X
ωn0 = 1 and ‖ ζ ‖ω0= 1. Let [α] ∈ K such that b([α]) = [α
n−1] ∈ B.
(1) If [α] ∈ ∂K, then equation (1.1) for c ≤ (
∫
X
αn)−1 has no solution
in the balanced class [αn−1].
(2) If [α] ∈ K, then there exists a unique solution ΩCY ∈ [α
n−1] of
the equation (1.1) for c ≤ (
∫
X
αn)−1. Actually in this case, c =
(
∫
X
αn)−1 and ΩCY = ω
n−1
CY for the unique Calabi-Yau metric ωCY
in the Ka¨hler class [α].
It is conjectured that for any c > (
∫
X
αn)−1, the form-type Calabi-Yau
equation (1.1) has solutions in the balanced class [αn−1] in the above theo-
rem.1
The paper is organized as follows. In Section 2 we prove Proposition 1.1
and Theorem 1.2, which will also be generalized to the Fujiki class C. In
Section 3 we prove Theorem 1.3 and give two examples. In Section 4 we will
use Theorem 1.2 to prove Theorem 1.4. Finally, for reader’s convenience, we
show in the appendix the equivalence of the balanced cone and the movable
cone of a Ka¨hler manifold under the assumption E∨ = M following the
arguments of Toma.
Acknowledgments. We would like to thank Prof. J.-P. Demailly,
Zhizhang Wang, D. Wu and Prof. S.-T. Yau for useful discussions and
V. Tosatti for useful suggestions and comments. We are also indebted to
the referees for helpful comments and suggestions. Fu is supported in part
by NSFC grants 11025103 and 11121101.
2. Injectivity
In this section, as a warm-up we first prove Proposition 1.1, which states
that the map b is injective. We remark that this is just a special case of
Theorem 1.2. By presenting its proof here, we want to emphasize how to
apply the solutions of the complex Monge-Ampe`re equations and the AM-
GM inequality to obtain the result.
Proof. We need to prove that if ω1 and ω2 are two Ka¨hler metrics on X
satisfying
(2.1) ωn−11 = ω
n−1
2 + i∂∂¯ϕ
1Recently, this conjecture has been solved by V. Tosatti and B. Weinkove in [27].
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for some real (n − 2, n − 2)-form ϕ, then there exists a smooth function f
on X such that
ω1 = ω2 + i∂∂¯f.
Let us first recall Yau’s theorem on the complex Monge-Ampe`re equations
on a compact Ka¨hler manifold.
Lemma 2.1. ([29]) Let X be a compact n-dimensional Ka¨hler manifold
with a Ka¨hler metric ω. Then for any smooth volume form η > 0 satisfying∫
X
η =
∫
X
ωn, there exists a unique Ka¨hler metric ω˜ = ω + i∂∂¯u in the
Ka¨hler class [ω] such that ω˜n = η.
We use Yau’s theorem as follows. Let c be the following constant:∫
X
ωn2 = c
∫
X
ωn1 .
Without loss of generality, we assume that c ≥ 1. Since the class [ω2] is
Ka¨hler, by Yau’s theorem we can find a representative ω˜2 = ω2 + i∂∂¯u of
[ω2] such that
(2.2) ω˜n2 = cω
n
1 .
However, the equalities
[ω˜n−12 ] = [ω
n−1
2 ] = [ω
n−1
1 ]
imply that there exists a real (n− 2, n − 2)-form φ such that
(2.3) ω˜n−12 = ω
n−1
1 + i∂∂¯φ.
We will use the following notations (see [13]). If Θ is a real (n − 1, n − 1)-
form, then (Θij¯) is the matrix whose entries are the coefficients of Θ, and
(Θij¯) is its inverse matrix. We will also denote detΘ = det(Θij¯). Hence,
combining (2.2) with (2.3), we find(1
c
)n−1
=
(detω1
det ω˜2
)n−1
=
detωn−11
det ω˜n−12
=
detωn−11
det(ωn−11 + i∂∂¯φ)
.
Now we follow the proof of Lemma 10 in [13]. We apply the AM-GM
inequality to obtain
c
n−1
n =
(det(ωn−11 + i∂∂¯φ)
detωn−11
) 1
n
≤1 +
1
n
∑
i,j
(ωn−11 )
ij¯
(
i∂∂¯φ
)
ij¯
,
(2.4)
which implies
c
n−1
n ωn1 ≤ ω
n
1 + i∂∂¯φ ∧ ω1.
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Integrating over X, since ω1 is Ka¨hler, we get
c
n−1
n
∫
X
ωn1 ≤
∫
X
ωn1 .
This shows that c = 1 and a pointwise equality in (2.4) holds. This forces
that i∂∂¯φ = 0. Therefore, (2.3) implies ω˜2 = ω1 and ω1 = ω2 + i∂∂¯u. 
Remark 2.2. When n = 3, equation (2.1) implies
(ω1 − ω2) ∧ (ω1 + ω2) = i∂∂¯ϕ.
Since ω1 + ω2 is a Ka¨hler metric, by the hard Lefschetz theorem, ω1 + ω2
defines an isomorphism from H1,1dR (X,R) to H
2,2
dR (X,R). Hence ω1 − ω2 is
trivial in H1,1dR (X,R). For n > 3, we can rewrite (2.1) as
(ω1 − ω2) ∧
(n−2∑
k=0
ωn−k−21 ∧ ω
k
2
)
= i∂∂¯ϕ.
Here
∑n−2
k=0 ω
n−k−2
1 ∧ω
k
2 is a d-closed strictly positive definite (n− 2, n− 2)-
form. In general, such a form cannot be represented by ωn−20 for some
Hermitian metric ω0. Otherwise ω0 is also Ka¨hler (cf. [15]) and then the
hard Lefschetz theorem also implies that ω1 − ω2 is trivial. Anyway, we
don’t know whether there exists an algebraic proof of Proposition 1.1.
We can generalize the above proposition from the Ka¨hler classes to the
nef and big classes. Instead of constructing two equal Ka¨hler metrics, we
will construct two equal currents. Hence, we need the following important
theorem in [6].
Lemma 2.3. ([6]) Let X be a compact n-dimensional Ka¨hler manifold and
let η be a smooth volume form on X. Let [α] be a nef and big class on X.
Then there exists a unique α-psh function u with supX u = 0 such that
〈
(α+ i∂∂¯u)n
〉
= cη with c =
∫
X
αn∫
X
η
> 0.
Here 〈·〉 denotes the non-pluripolar product of positive currents. Moreover,
u has minimal singularities and is smooth on Amp(α), which is a Zariski
open set of X depending only on the cohomology class of α.
Recall that u is called an α-psh function if α+ i∂∂¯u is a positive current.
Let us briefly discuss how the result is obtained. In fact, by Yau’s theorem,
the above degenerate complex Monge-Ampe`re equation can be solved by
approximation. Fix a Ka¨hler metric ω on X. If we write ct =
∫
X
(α +
tω)n/
∫
X
η with 0 < t < 1, then there exists a unique smooth function ut
with supX ut = 0 such that
(α+ tω + i∂∂¯ut)
n = ctη.
THE KA¨HLER CONE AND THE BALANCED CONE 7
First, by basic properties of plurisubharmonic functions, the family of solu-
tions ut is compact in L
1(X)-topology and then there exists a sequence utk
such that
α+ tkω + i∂∂¯utk → α+ i∂∂¯u as currents on X.
Moreover, by the theory developed in [6] and Yau’s basic estimates in [29],
ut is compact in C
∞
loc(Amp(α)). Therefore there exists a subsequence of utk ,
which is still denoted as utk , (we will not stress this point in the following,)
such that
α+ tkω + i∂∂¯utk → α+ i∂∂¯u in C
∞
loc(Amp(α)).
Hence u is smooth on Amp(α). Since η is the smooth volume form, α+i∂∂¯u
is a Ka¨hler metric on Amp(α).
Now we are ready to prove Theorem 1.2. We rephrase it as
Theorem 2.4. Let X be a compact n-dimensional Ka¨hler manifold. If [α]
and [β] are two nef and big classes and [αn−1] = [βn−1], then [α] = [β].
Proof. Since α and β are nef and [αn−1] = [βn−1], we have
(2.5)
∫
X
βn =
∫
X
β ∧ αn−1.
Then by the convexity inequality in [9] or [17], we have∫
X
βn ≥
(∫
X
βn
) 1
n
(∫
X
αn
)n−1
n
,
which implies
∫
X
βn ≥
∫
X
αn. Similarly we also have
∫
X
αn ≥
∫
X
βn. Thus
we get
(2.6)
∫
X
αn =
∫
X
βn.
We fix a Ka¨hler metric ω and a volume form η on X. We denote for
0 < t < 1
c =
∫
X
αn∫
X
η
, cα,t =
∫
X
(α+ tω)n∫
X
η
, and cβ,t =
∫
X
(β + tω)n∫
X
η
.
Then Lemma 2.1 implies that there exist two families of smooth functions
ut and vt such that, if we denote αt = α+tω+i∂∂¯ut and βt = β+tω+i∂∂¯vt,
then
αnt = cα,tη and β
n
t = cβ,tη.
Hence
(2.7)
αnt
βnt
= ct
with
(2.8) ct =
cα,t
cβ,t
=
∫
X
(α+ tω)n∫
X
(β + tω)n
.
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Then identity (2.6) implies
(2.9) lim
t→0
ct = 1.
By the assumption [αn−1] = [βn−1], there exists a (n − 2, n − 2)-form φ
such that αn−1 = βn−1 + i∂∂¯φ. We rewrite it as
(2.10) αn−1t = β
n−1
t +Θt
where
Θt = i∂∂¯φ+
n−2∑
k=0
Ckn−1
(
αk ∧ (tω + i∂∂¯ut)
n−1−k − βk ∧ (tω + i∂∂¯vt)
n−1−k
)
.
Then applying the AM-GM inequality to (2.7), we have
(2.11)
c
n−1
n
t =
(detαn−1t
detβn−1t
) 1
n
=
(det(βn−1t +Θt)
detβn−1t
) 1
n
≤ 1 +
1
n
∑
i,j
(βn−1t )
ij¯(Θt)ij¯ .
We multiply the volume form βnt to both sides of the above inequality and
get
(2.12) c
n−1
n
t β
n
t ≤ β
n
t + βt ∧Θt.
Next, we consider the limit of βt ∧ Θt as t goes to zero. By (2.10), we
have
(2.13) βt ∧Θt = βt ∧ α
n−1
t − β
n
t .
It is easy to see the positive measures βt ∧ α
n−1
t and β
n
t have uniformly
bounded masses:
||βt ∧ α
n−1
t ||mass =
∫
X
(β + tω) ∧ (α+ tω)n−1
<
∫
X
(β + ω) ∧ (α+ ω)n−1,
and
||βnt ||mass =
∫
X
(β + tω)n <
∫
X
(β + ω)n.
Hence we can pick a decreasing subsequence tk → 0 such that βtk ∧ α
n−1
tk
and βntk converge weakly to µ1 and µ2 respectively. Therefore if we denote
µ0 = µ1 − µ2, then as currents,
βtk ∧Θtk → µ0 when tk → 0.
Moreover, it is not hard to see from (2.9) and (2.12) that µ0 is a positive
measure on X. Meanwhile, by (2.13) and (2.5),∫
X
µ0 = lim
tk→0
∫
X
(βtk ∧ α
n−1
tk
− βntk) =
∫
X
(β ∧ αn−1 − βn) = 0.
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Hence µ0 is a zero measure. In particular, since Ξ := Amp(α) ∩Amp(β) is
a Borel set, we have
(2.14) βtk ∧Θtk → 0 as currents on Ξ.
On the other hand, by Lemma 2.3, there exists a unique α-psh function
u0 with supX u0 = 0 and a unique β-psh function v0 with supX v0 = 0 such
that u0 (resp. v0) is smooth on Amp(α) (resp. Amp(β)) and〈
(α+ i∂∂¯u0)
n
〉
= cη,
〈
(β + i∂∂¯v0)
n
〉
= cη,
Here by (2.6), we have
c =
∫
X
αn∫
X
η
=
∫
X
βn∫
X
η
.
If we denote α0 = α+ i∂∂¯u0 and β0 = β + i∂∂¯v0, then as discussed before,
there exist subsequences αtk of αt and βtk of βt such that
αtk → α0 in C
∞
loc(Amp(α))
and
βtk → β0 in C
∞
loc(Amp(β)).
Thus,
(2.15) Θtk → Θ0 and βtk ∧Θtk → β0 ∧Θ0 in C
∞
loc(Ξ)
for some smooth form Θ0 which is only defined on Ξ. Combining (2.14) with
(2.15) and using uniqueness of the limit, we obtain
β0 ∧Θ0 = 0 on Ξ.
The above equality and (2.9) imply that on Ξ, if we take the limits of both
side of (2.11) as t→ 0,
1 =
(detαn−10
det βn−10
) 1
n =
(det(βn−10 +Θ0)
det βn−10
) 1
n
≤ 1 +
1
n
∑
i,j
(βn−10 )
ij¯(Θ0)ij¯ = 1,
which forces Θ0 = 0 on Ξ. Hence α
n−1
0 = β
n−1
0 on Ξ. Since α0 and β0 are
Ka¨hler metrics on Ξ, we have α0 = β0 on Ξ.
We claim α0 = β0 on X. First, we need the following two lemmas.
Lemma 2.5. ([10]) Let T be a d-closed (p, p)-current and suppT contained
in an analytic subset A. If dimA < n− p, then T = 0; if T is of order zero
and A is of dimension n−p with (n−p)-dimensional irreducible components
A1, · · · , Ak, then T =
∑
cj [Aj ] with cj ∈ C.
Lemma 2.6. ([5]) Let [α] be a nef and big class, and let Tmin be a pos-
itive current in [α] with minimal singularities. Then the Lelong number
ν(Tmin, x) = 0 for any point x ∈ X.
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Now if we let T = α0 − β0, then T is a real d-closed (1,1)-current and
suppT ⊂ X−Ξ. IfX−Ξ is of codimension more than one, then the first part
of Lemma 2.5 implies T = 0. Hence α0 = β0 on X. If X −Ξ has irreducible
components D1, · · · ,Dk of pure codimension one, then the second part of
Lemma 2.5 implies α0−β0 =
∑
cj [Dj ]. We should also consider the following
most complicated case: X − Ξ has irreducible components of codimension
one, whose union is denoted by D, and also has of codimension greater than
one, whose union is denoted by F . In this case, we use the same argument
of the proof of the second part of Lemma 2.5 (cf. page 143 of [10]). The
regular part Dreg of D is a complex submanifold of X − (Dsing ∪ F ), where
Dsing is the singular part of D, and its connected components are Dj ∩Dreg.
Then we apply the second theorem of support (see page 142 of [10]) to get
α0−β0 =
∑
cj [Dj ] on X−(Dsing∪F ). Now α0−β0−
∑
cj[Dj ] is a d-closed
current of order 0 and its support is contained in Dsing ∪ F of codimension
greater than one. So the current α0−β0−
∑
cj [Dj ] must vanish by the first
part of Lemma 2.5. Hence, for the last two cases, we should prove cj = 0
for any j.
Since α0 and β0 are real, all cj ’s can be chosen to be real. If there exists
at least one cj > 0, we can write this equality as
(2.16) α0 −
∑
cj′ [Dj′ ] = β0 +
∑
cj′′ [Dj′′ ]
with cj′ ≤ 0 and cj′′ > 0. Fix one such j
′′, which we denote as j′′0 . We
take a generic point x ∈ Dj′′
0
, for example, we can take such a point x with
ν([Dj′′
0
], x) = 1 and x /∈ X − Dj′′
0
. Then taking the Lelong number at the
point x on both sides of (2.16), we find
ν(α0, x)−
∑
cj′ν([Dj′ ], x) = ν(β0, x) +
∑
cj′′ν([Dj′′ ], x).
Since α0 and β0 are positive currents with minimal singularities in nef and
big classes, Lemma 2.6 tells us that ν(α0, x) = 0 and ν(β0, x) = 0. The
property of x also implies ν([Dj′ ], x) = 0 and ν([Dj′′ ], x) = 0 for all j
′ and
all j′′ 6= j′′0 . All these force cj′′0 = 0, which contradicts our assumption that
cj′′
0
> 0. Thus we have
α0 −
∑
cj′ [Dj′ ] = β0.
By the same argument, we can also prove cj′ = 0. Hence α0 = β0 on X.
Therefore, we have [α] = [β] on X. 
The above result is also valid if X is merely in the Fujiki class C. For a
general compact complex manifold, a cohomology class [α]bc ∈ H
1,1
BC(X,R)
is called nef if for any ε > 0, there exists a smooth function ψε such that
α+ i∂∂¯ψε > −εω.
Corollary 2.7. Let X be a compact complex n-dimensional manifold in the
Fujiki class C. If [α] and [β] are two nef and big classes, and [αn−1] = [βn−1],
then [α] = [β].
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Proof. Since X is in the Fujiki class C, there exists a proper modification
µ : X¯ → X with X¯ a compact Ka¨hler manifold. By assumptions on α and
β, [µ∗α] and [µ∗β] are also nef and big classes on X¯, satisfying
[(µ∗α)n−1] = [(µ∗β)n−1].
Then by the theorem above, we have
[µ∗α] = [µ∗β].
As µ is a proper modification, this implies that [α] = [β] on X. 
Note that on a Moishezon manifold, M. Paun ([22]) proved that for a
holomorphic line bundle L, c1(L) is nef if and only if L · C ≥ 0 for every
irreducible curve C. Thus our result yields the following
Corollary 2.8. Let X be a compact n-dimensional Moishezon manifold.
Let L be a big line bundle over X and L · C ≥ 0 for every irreducible curve
C on X. Then c1(L)
n−1 determines c1(L).
3. The image of the boundary of the Ka¨hler cone
Sometimes it is convenient to consider the Aeppli cohomology groups
V p,q(X,C). Since we are interested in the real case, we give the following
Definition 3.1. If we denote by Ap,q(X) the space of the smooth C-valued
(p, q) forms and by Ap,pR (X) the space of the smooth R-valued (p, p)-forms,
then
V p,p(X,R) =
{φ ∈ Ap,pR (X)|∂∂¯φ = 0}
{∂Ap−1,p(X) + ∂¯Ap,p−1(X)} ∩Ap,pR (X)
.
We denote the space of (p, q)-currents by D′p,q(X). Then it is well known
that we can also replace Ap,q by D′p,q in the above definition. We denote an
element of the above cohomology groups by [·]a.
We need the following lemma due to Bigolin.
Lemma 3.2. ([4]) Let X be a compact complex n-dimensional manifold.
The dual space of the (p, p)-th Aeppli group is just the (n − p, n − p)-th
Bott-Chern group, i.e.,
V p,p(X,R)′ = Hn−p,n−pBC (X,R).
In particular, V p,p(X,R) is a finite dimensional vector space. Further-
more, if X satisfies the ∂∂¯-lemma, then dimV p,p(X,R) = hp,p, where hp,p is
the Hodge number. The following lemma is inspired by the method in [25]
and [24]. In fact, it is an easy consequence of the Hahn-Banach theorem.
Lemma 3.3. Let X be a compact complex n-dimensional manifold. Suppose
that Ω0 is a real d-closed (n− 1, n− 1)-form satisfying that, for any positive
∂∂¯-closed (1, 1)-current T ,
∫
X
Ω0 ∧ T ≥ 0 and
∫
X
Ω0 ∧ T = 0 if and only if
T = 0. Then [Ω0] is a balanced class.
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Proof. Fix a Hermitian metric ω on X. We define the following two subsets
of D′1,1R (X) :
D1 = {T ∈ D
′1,1
R (X)|∂∂¯T = 0,
∫
X
Ω0 ∧ T = 0},
D2 = {T ∈ D
′1,1
R (X)|T ≥ 0,
∫
X
ωn−1 ∧ T = 1}.
Then D1 is a closed subspace and D2 is a compact convex subset under the
weak topology of currents. Since Ω0 is d-closed,
(3.1) {∂S¯ + ∂¯S|S ∈ D′1,0(X,C)} ⊂ D1 .
It is clear that D1∩D2 is empty. By the Hahn-Banach theorem, there exists
a smooth real (n− 1, n− 1)-form Ω such that
(3.2) Ω|D1 = 0 and Ω|D2 > 0 .
The identity in (3.2) and (3.1) imply dΩ = 0, and the inequality in (3.2)
implies that Ω is strictly positive. Hence Ω is a balanced metric.
On the other hand, Lemma 3.2 says that [Ω0] and [Ω] are linear functionals
on V 1,1(X,R). We have a natural projective map
pi : {T ∈ D′1,1R (X)|∂∂¯T = 0} → V
1,1(X,R)
with pi(T ) = [T ]a. Then the definition of D1 implies pi(D1) = ker[Ω0], and
Ω|D1 = 0 implies pi(D1) ⊆ ker[Ω]. Thus we have
ker[Ω0] ⊆ ker[Ω] ⊆ V
1,1(X,R).
If ker[Ω] is the whole Aeppli group, then [Ω]=0. Since X is compact, there
exists an ε > 0 small enough such that Ω + εΩ0 > 0, i.e., [Ω] + ε[Ω0] =
ε[Ω0] is balanced. If ker[Ω] is a proper subspace, since V
1,1(X,R) is a finite
dimensional vector space, we must have ker[Ω0] = ker[Ω]. Hence there exists
some constant c such that [Ω0] = c[Ω]. In this case, if there exists some non-
trivial positive ∂∂¯-closed (1, 1)-current T , the constant c must be positive,
and this implies that [Ω0] is balanced. Otherwise, if there is no non-trivial
positive ∂∂¯-closed (1, 1)-current, then the zero class satisfies our assumption
in the lemma and we can repeat our procedure above. We can use the zero
class to define the space D1. Hence the zero class is a balanced class. This
means that every class in Hn−1,n−1BC (X,R) is balanced. Thus we finish the
proof of Lemma 3.3. 
Remark 3.4. Let X be a compact balanced manifold. If we denote Eddc ⊆
V 1,1(X,R) the convex cone generated by ddc-closed positive (1, 1)-currents,
then the above lemma implies E∨ddc = B.
The above lemma has as corollary the following two interesting proposi-
tions. Let Ω0 be a semi-positive (n − 1, n − 1)-form on X which is strictly
positive on X − V for a subvariety V of X. If codim V > 1, we first recall
Theorem 1.1 in [1].
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Lemma 3.5. [1] Let X be a complex n-dimensional manifold. Assume T is
a ∂∂¯-closed positive (p, p)-current on X such that the Hausdorff 2(n − p)-
measure of suppT vanishes. Then T = 0.
Proposition 3.6. Let X be a compact complex n-dimensional manifold. If
Ω0 is a d-closed semi-positive (n−1, n−1)-form on X and is strictly positive
outside a subvariety V with codim V > 1, then [Ω0] is a balanced class.
Proof. Fix a ∂∂¯-closed positive (1, 1)-current T . Then Ω0 ≥ 0 implies that∫
X
Ω0 ∧ T ≥ 0. And Ω0 > 0 on X − V implies that
∫
X
Ω0 ∧ T = 0 if and
only if suppT ⊂ V . Hence according to the above lemma, since T is ∂∂¯-
closed and codim V > 1, we have T = 0. Thus Ω0 satisfies the conditions
of Lemma 3.3 and therefore is in the balanced class. 
If codim V = 1 and Ω0 is a balanced metric, we have
∫
V
Ω0 > 0. We want
to prove that this is also a sufficient condition when Ω0 is semi-positive on
X and is strictly positive on X − V . We need Theorem 1.5 in [1].
Lemma 3.7. ([1]) Let X be a complex n-dimensional manifold and E a
compact analytic subset. Let E1, · · · , Ek be the irreducible p-dimensional
components of E. If T is a positive ∂∂¯-closed (n − p, n − p)-current such
that suppT ⊂ E, then there exist constants cj ≥ 0 such that T −
∑k
1 cj [Ej ]
is a positive ∂∂¯-closed (n − p, n − p)-current on X, supported on the union
of the irreducible components of E of dimension greater than p.
Then we have
Proposition 3.8. Let X be a compact complex n-dimensional manifold. If
Ω0 is a d-closed semipositive (n− 1, n− 1)-form on X such that it is strictly
positive outside a codimension one subvariety V with irreducible components
E1, · · · , Ek and [Ω0] · [Ej] > 0 for j = 1, · · · , k, then [Ω0] is a balanced class.
Proof. Since Ω0 is a semi-positive form on X, for any ∂∂¯-closed positive
(1, 1)-current T on X,
∫
X
Ω0∧T ≥ 0, and
∫
X
Ω0∧T = 0 implies suppT ⊂ V .
We need to prove T = 0. By the above lemma, there exist constants cj ≥ 0
such that
T =
k∑
j=1
cj [Ej ].
Hence [Ω0] · T = 0 implies that if [Ω0] · [Ej ] > 0, the constants cj must be
zero. This implies T = 0. Thus by Lemma 3.3, [Ω0] is a balanced class. 
Before we apply Proposition 3.6 to a nef and big class on a projective
Calabi-Yau manifold, we need the following lemma given by Tosatti.
Lemma 3.9. ([26]) Let X be a projective Calabi-Yau n-dimensional man-
ifold and let [α] ∈ ∂KNS be a big class. Then there exists a smooth form
α0 ∈ [α] which is nonnegative and strictly positive outside a proper subvari-
ety of X.
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For reader’s convenience, we present some details on how to prove the
above lemma in [26]. First assume that [α] = c1(L) for some holomorphic
line bundle L, which means that [α] lies in the space NS(X)Z. Hence, L is
nef and big. Now the base point free theorem implies that L is semiample,
so there exists some positive integer k such that kL is globally generated.
This gives a holomorphic map
F[α] : X → P(H
0(X,O(kL))∗)
such that F ∗[α]O(1) = kL. If [α] ∈ NS(X)Q, then l[α] ∈ NS(X)Z for some
positive integer l, and we can also define a holomorphic map F[α] similarly.
Finally if [α] ∈ NS(X)R, then by Theorem 5.7 in [18] or Theorem 1.9 in
[19], we know that the subcone of nef and big classes is locally rational
polyhedral. Hence, [α] lies on a face of this cone which is cut out by linear
equations with rational coefficients. It follows that rational points on this
face are dense, and it is then possible to write [α] as a linear combination
of classes in NS(X)Q which are nef and big, with nonnegative coefficients.
Notice that all of these classes give the same contraction map, because they
lie on the same face. We also denote this map by F[α]. Recall that the
exceptional set Exc(F[α]) is defined to be the complement of points where
F[α] is a local isomorphism. It is now clear that we can represent α by a
smooth nonnegative form which is the pull back of Fubini-Study metric (up
to scale). And it is strictly positive outside the exceptional set Exc(F[α]).
In birational geometry (cf. [20]), F[α] is called a divisorial contraction if
Exc(F[α]) is of codimension 1 and a flipping contraction if the exceptional
set Exc(F[α]) is of codimension greater than 1. We remark that if F[α] is a
divisorial contraction, then the image of Exc(F[α]) under F[α] is of dimen-
sion less than n − 1. In our situation, X is smooth, thus under divisorial
contractions, its image is Q-factorial and has only weak log-terminal singu-
larities (cf. Proposition 5-1-6 of [20]). Thus, its image is Q-factorial and
normal. Then the image of Exc(F[α]) under F[α] has codimension at least
2 (cf. page 28 of [8]). In this case, [αn−1] cannot be a balanced class. In-
deed, if Ej is any codimension 1 component of Exc(F[α]), then we must
have [αn−1] · [Ej ] = 0. Write Exc(F[α]) = F ∪j Ej where all irreducible
components of F have codimension at least 2. For a fixed j and for any
p ∈ Ej\(F ∪l 6=j El), let S = F
−1
[α] (F[α](p)) be the fiber over F[α](p). Since
the image of F[α] is a normal variety, Zariski’s Main Theorem shows that
all irreducible components of S are positive-dimensional, so there is at least
one such component S′ ⊂ Ej which contains p. Then α is a smooth semi-
positive form in the class [α] and α|S′ ≡ 0 since S
′ is contained in a fiber
of F[α] and α is the pull back of Fubini-Study metric. But this means that
(α|Ej )
n−1(p) = 0, since α|Ej has zero eigenvalues in all directions tangent to
S. Hence, this is true for all p in a Zariski open subset of Ej . We conclude
that [αn−1] · [Ej ] =
∫
Ej
(α|Ej )
n−1 = 0.
Now we can prove Theorem 1.3.
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Proof. By Lemma 3.9, there exists a semipositive (1, 1)-form α0 ∈ [α] such
that α0 is strictly positive outside a subvariety V . If V is of codimension
greater than one, Proposition 3.6 implies that [αn−1] = [αn−10 ] is a balanced
metric. If V is of codimension one with irreducible components E1, · · · , Ek,
then [αn−1] · [Ej ] = 0 for all 1 ≤ j ≤ k, thus [α
n−1] /∈ B. On the other hand,
the converse is obvious.
Next, let’s prove [αn−1] ∈ B implies that [α] is a big class. Otherwise,
we would have
∫
X
αn = 0. Since [α] is nef, there exists a positive current
T ∈ [α]. Hence ∫
X
αn−1 ∧ T =
∫
X
αn = 0.
Then [αn−1] ∈ B implies T = 0. Thus [α] = [T ] = 0. This is a contradiction.

We are going to give some examples which show that the holomorphic
maps F[α] contract high codimensional subvarieties to points, so we can
apply Theorem 1.3. The first one is known as a conifold in the physics
literature [16] (see also [23]). We learned this from [26]. Let X0 be a nodal
quintic in P4 which has 16 nodal points. Then a smooth Calabi-Yau manifold
X is given by a small resolution f : X → X0, that is a birational morphism
which is an isomorphism outside the preimages of the nodes, which are 16
rational curves. Thus we get a contracting map from X to P4. It is easy to
see that the pullback of the Fubini-Study metric is our desired form.
There are also other examples from algebraic geometry (cf. [8], page 24-
26). Let r and s be positive integers, let E be the vector bundle on Ps
associated to the locally free sheaf OPs ⊕ OPs(1)
r+1, and let Yr,s be the
smooth (r+ s+ 1)-dimensional variety P(E∗). The projection pi : Yr,s → P
s
has a section Pr,s corresponding to the trivial quotient of E. The linear
system |OYr,s(1)| is base point free. Hence it induces a holomorphic map:
Cr,s : Yr,s → P
(r+1)(s+1).
Moreover, Cr,s contracts Pr,s to a point and is an immersion on its comple-
ment. And its image is the cone over the Segre embedding of Pr × Ps.
Thus, the pull-back of the Fubini-Study metric of P(r+1)(s+1) is a smooth
(1, 1)-form α = C∗r,sωFS. Clearly α is pointwise nonnegative on the whole
Yr,s and is strictly positive outside Pr,s with codimension r+1. Thus [α
r+s]
is a balanced class on P(E∗). Furthermore,
∫
Pr,s
αs = 0 implies α ∈ ∂K(Yr,s).
In fact, there are a lot of such examples in the Minimal Model Program,
encountered when dealing with contraction maps of flipping type ([20]).
The following comment has been formulated by V. Tosatti. In order to
produce more examples of birational contraction morphisms as in Lemma
3.9, one can take X more generally to be any smooth projective variety with
−KX nef. This class includes not only Calabi-Yau but also Fano manifolds.
Under this assumption, if L is any line bundle on X which is nef and big,
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then Kawamata’s base-point-free theorem again gives us that L is semi-
ample and so there is a birational contraction FL exactly as in Lemma 3.9.
It also works for R-linear combinations of line bundles (i.e. big classes on
the boundary of KNS), because again the big points on the boundary of
KNS are locally rational polyhedral (if X is Fano, then the whole boundary
of KNS is rational polyhedral). Thus if X has nef anticanonical bundle, we
can still apply Theorem 1.3.
4. Characterization theorem on a nef class being Ka¨hler
Using a similar method as in Section 2, we can characterize when a nef
class [α] is Ka¨hler under the assumption that [αn−1] is a balanced class.
Theorem 4.1. Let X be a compact n-dimensional Ka¨hler manifold and η a
smooth volume form of X. Assume that [α] is a nef class such that [αn−1] is
a balanced class (so [α] is big). If there exists a balanced metric ω˜ in [αn−1]
(i.e., ω˜n−1 ∈ [αn−1]) such that cω˜ ≥ cα with cω˜ = minX
ω˜n
η
and cα =
∫
X
αn∫
X
η
,
then [α] is a Ka¨hler class.
Proof. Since ω˜n−1 ∈ [αn−1], there exists a smooth (n−2, n−2)-form φ such
that
ω˜n−1 = αn−1 + i∂∂¯φ > 0.
Fix a Ka¨hler metric ω on X. Then for 0 < t≪ 1,
(α+ tω)n−1 + i∂∂¯φ = ω˜n−1 +O(t) > 0.
Thus there exists a balanced metric ω˜t such that
(4.1) ω˜n−1t = (α+ tω)
n−1 + i∂∂¯φ
and ω˜0 = ω˜. Clearly, as t → 0, ω˜t → ω˜ in C
∞(Λ1,1(X)). Then if we let
Fω˜t :=
ω˜nt
η
, we have
Fω˜t → Fω˜
in C∞(X) as t→ 0.
On the other hand, since [α + tω] is a Ka¨hler class, by Lemma 2.1 there
exists a family of smooth functions ut such that α + tω + i∂∂¯ut is Ka¨hler
and
(α+ tω + i∂∂¯ut)
n = ctη
with ct =
∫
X
(α+tω)n∫
X
η
. Moreover, by Lemma 2.3, there also exists an α-psh
function u0 such that 〈
(α+ i∂∂¯u0)
n
〉
= cαη.
Such ut and u0 satisfy the following relations
α+ tω + i∂∂¯ut → α+ i∂∂¯u0 as currents on X
and
(4.2) α+ tω + i∂∂¯ut → α+ i∂∂¯u0 in C
∞
loc(Amp(α)).
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We denote αt = α + tω + i∂∂¯ut and α0 = α + i∂∂¯u0. Then from (4.1), we
have
(4.3) ω˜n−1t = α
n−1
t + i∂∂¯φt
for some smooth (n− 2, n− 2)-form φt on X.
By the above notations, we have
Fω˜t
ct
=
ω˜nt
αnt
.
We apply the AM-GM inequality to obtain(Fω˜t
ct
)n−1
n
=
(det(αn−1t + i∂∂¯φt)
detαn−1t
) 1
n
≤1 +
1
n
∑
k,l
(αn−1t )
kl¯(i∂∂¯φt)kl¯.
Equivalently, we have
(4.4)
(Fω˜t
ct
)n−1
n
αnt ≤ α
n
t + αt ∧ i∂∂¯φt.
We deal with the second term in the above equality, namely
αt ∧ i∂∂¯φt = αt ∧ ω˜
n−1
t − α
n
t .
As discussed in the proof of Theorem 2.4, there exists a convergent subse-
quence αtk ∧ ω˜
n−1
tk
of measures αt ∧ ω˜
n−1
t and a convergent sequence α
n
tk
of
measures αnt . If we denote their limits by µ1 and µ2, and denote µ0 = µ1−µ2,
then we have
αtk ∧ i∂∂¯φtk → µ0 as currents.
Letting t = tk in (4.4), integrating with respect to any positive smooth
function, and letting tk go to zero, we find that the condition cω˜ ≥ c0
implies that µ0 is a positive measure.
Meanwhile, since ∫
X
µ0 = lim
t→0
∫
X
αt ∧ ω˜
n−1
t − α
n
t
=
∫
X
α ∧ (ω˜n−1 − αn−1),
and as α is nef and ω˜n−1 ∈ [αn−1], we have
∫
X
µ0 = 0. Thus µ0 = 0 and
Fω˜ = cα pointwise.
On Amp(α), we define a smooth (1, 1)-form
Ψ0 = lim
t→0
i∂∂¯φt.
Then from (4.3), (4.2) and (4.1), we have
Ψ0 = lim
t→0
(ω˜n−1t − α
n−1
t ) = ω˜
n−1 − αn−10 .
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Hence by uniqueness of the limit, we have on Amp(α)
α0 ∧Ψ0 = 0.
Since Fω˜ = cα, this implies that on Amp(α),
1 =
(det ω˜n−1
detαn−10
) 1
n
≤ 1 +
1
n
∑
k,l
(αn−10 )
kl¯(Ψ0)kl¯ = 1.
Thus Ψ0 = 0. Therefore ω˜
n−1 = αn−10 or ω˜ = α0 on Amp(α).
Since ω˜ is smooth on X and dω˜ = dα0 = 0 on Amp(α), by continuity,
dω˜ = 0 on X, i.e., ω˜ is a Ka¨hler metric on X. However, since [ω˜n−1] =
[αn−1], by Theorem 1.2, [ω˜] = [α]. Thus [α] is a Ka¨hler calss. 
Now we are in a position to conclude the proof of Theorem 1.4.
Proof. We assume that there exists a solution ΩCY ∈ [α
n−1] to equation
(1.1) for c ≤ (
∫
X
αn)−1. We write ΩCY = ω˜
n−1 and then compute
ω˜n
ωn0
=
‖ ζ ‖2ω0
‖ ζ ‖2ω˜
=
1
‖ ζ ‖ΩCY
=
1
c
≥
∫
X
αn∫
X
ωn0
.
Hence we can use the above theorem. Thus [α] is a Ka¨hler class. Now the
proof follows from Theorem 1.3 in [13]. 
5. Appendix
In this appendix, we show that the conjectured cone duality E∨ =M in
[7] implies that the movable cone M coincides with the balanced cone B.
Let us first recall the definitions of the pseudoeffective cone and the movable
cone of a Ka¨hler manifold.
Definition 5.1. Let X be an n-dimensional compact Ka¨hler manifold.
(1) The pseudoeffective cone E ⊂ H1,1BC(X,R) is defined to be the convex
cone generated by all positive d-closed (1, 1)-currents.
(2) The movable cone M ⊂ Hn−1,n−1BC (X,R) is defined to be the convex
cone generated by all positive d-closed (n − 1, n − 1)-currents of the form
µ∗(ω˜1 ∧ ... ∧ ω˜n−1), where µ ranges among all Ka¨hler modifications from
some X˜ to X and ω˜i’s are Ka¨hler metrics on X˜.
In [25], Toma observed that every movable curve on a projective manifold
can be represented by a balanced metric under the assumption E∨ = M.
We observe that Toma’s result holds for all movable classes on a compact
Ka¨hler manifold. Its proof is along the lines of [25] and the arguments go
through mutatis mutandis.
Theorem 5.2. Let X be an n-dimensional compact Ka¨hler manifold. Then
E∨ =M implies M = B
THE KA¨HLER CONE AND THE BALANCED CONE 19
Proof. In Remark 3.4, we have proved the cone duality E∨ddc = B. Hence,
we first prove E∨ddc = E
∨. By the ∂∂¯-lemma, the natural homomorphism j :
H1,1BC(X,R)→ V
1,1(X,R) is actually an isomorphism (see [2]). Hence when
j is restricted on E (which is also denoted by j), j : E → Eddc is injective. We
should show that j is also surjective. For any [T ]ddc ∈ Eddc with T positive,
there exists some current S such that d(T+∂S¯+ ∂¯S) = 0. We claim that the
class [T+∂S¯+∂¯S] is pseudoeffective, i.e., [T+∂S¯+∂¯S] ∈ E . We need a result
in [3], which states that for any modification µ : X˜ → X and any positive
ddc-closed (1, 1)-current T on X, there exists an unique positive ddc-closed
(1, 1)-current T˜ on X˜ such that µ∗T˜ = T and T˜ ∈ µ
∗[T ]ddc . Now, take a
smooth (1, 1)-form α ∈ [T + ∂S¯ + ∂¯S] (which will also be a representative
of [T ]ddc), T˜ ∈ µ
∗[T ]ddc implies that there exists some current S˜ such that
T˜ = µ∗α + ∂S˜ + ∂¯S˜. Thus, for any modification µ : X˜ → X with X˜ being
Ka¨hler, we have∫
X
α ∧ µ∗(ω˜1 ∧ ... ∧ ω˜n−1) =
∫
X˜
µ∗α ∧ ω˜1 ∧ ... ∧ ω˜n−1
=
∫
X˜
(µ∗α+ ∂
¯˜
S + ∂¯S˜) ∧ ω˜1 ∧ ... ∧ ω˜n−1
=
∫
X˜
T˜ ∧ ω˜1 ∧ ... ∧ ω˜n−1
≥ 0.
By the arbitrariness of µ and ω˜i’s, E
∨ =M indicates that [T+∂S¯+ ∂¯S] ∈ E .
This confirms the surjectivity of j : E → Eddc , and hence j is an isomorphism.
Now, it is easy to see that M = B. On one hand, since any balanced
metric takes positive values on E\{0}, B is obviously contained in the interior
of E∨, thus B ⊆ M. On the other hand, j(E) = Eddc yields any movable
class taking positive values on Eddc\{0}, hence E
∨
ddc = B implies M ⊆ B.
Thus, we obtain B =M. 
Remark 5.3. In [7], the authors have observed that their conjectured cone
duality is true for hyper-Ka¨hler manifolds or Ka¨hler manifolds which are the
limits of projective manifolds with maximal Picard number under holomor-
phic deformations. So in such cases, B =M holds.
Inspired by the above theorem, we naturally propose the following prob-
lem concerning the balanced cone of a general compact balanced manifold.
Conjecture 5.4. Let X be a compact balanced manifold. Then E∨ = B
holds.
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